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Introduction

In high school, continuity is defined for functions of one real variable: if x; — x, then f(x) —
f(x). T have not seen many people talk about continuity beyond the kind studied in class,
although it can be very useful in olympiad problems.

In many olympiad problems the variable is not a number but a more complicated object:
a matrix, a function, a geometric configuration. The continuity we define in Section 2, with
respect to the “largest deviation” distance, is new relative to the grade 11 curriculum. The
purpose of this text is practical: to show when we can formalize the concept of passing to the
limit for objects that are not real numbers as well.

We start from three competition problems whose solutions share the same structure: the
required property is first proved on a convenient class of objects, and then extended to all
objects by approximation. For the first problem this is exactly the route of the official solution;
the other two also have solutions with no limits at all, which we point out from the start, but we
keep them as training examples. Building on them, we set up the general framework (Section 2),
apply it to other competition problems (Section 3), show where it fails (Section 4) and end with
exercises. The high school theory we use (limits, continuity, dense sets, the Darboux property,
matrices and eigenvalues, symmetric polynomials, integrals) can be found in my books [1, 2, 3, 4]
and in their translations [5, 6, 7, 8, 9, 10, 11, 12].

1. Three problems

1.1 Problem 1. Romanian National Olympiad (ONM), 2022, grade 11,
problem 4

| Statement. Let A, B € M,,(C) be such that A%+ B? = 2AB. Prove that
det(A — zI,) = det(B — z1,,),

for every x € C.

Source: [18]. The solution below follows Solution 1 of the marking scheme; in Step 3 we also give the

version with a limit.

Solution. Step 1: the case of invertible A, B. Multiplying the relation by A~! on the left
and by B~! on the right, we get AB~! 4+ A™'B = 2I,. With X = A~'B we have B = AX,
so AB™! = AX'A~! and the relation becomes AX 'A~! = 2I,, — X. Hence the matrices
21, — X and X! are similar and have the same eigenvalues, with the same multiplicities. Let
Y =1, — X: the matrices I, + Y and (I,, — Y)*l have the same eigenvalues. The eigenvalues of
(I, —Y)~! are the numbers ﬁ, with 8 an eigenvalue of Y. If « is an eigenvalue of Y, then 1+«

1



is an eigenvalue of I, + Y, s0 1+ a = ﬁ for some eigenvalue 8 of Y; in particular 1 + o # 0

and 8 = . Applying this observation repeatedly, by induction, all the numbers -%~, k € N,
are eigenvalues of Y. If a # 0, they are pairwise distinct, and Y would have infinitely many
eigenvalues, which is absurd. Hence all eigenvalues of Y are 0, all eigenvalues of X = I, — Y are
1, det X =1 and det B = det A - det X = det A.

Step 2: the notions we use. We now pass from invertible pairs to all pairs, by means of a

limit. First we define, from scratch, every notion we need.

Definition 1. A sequence of pairs of matrices is a rule that assigns to every natural number
k > 1 a pair (P, Q) of matrices in M, (C). A pair is described by 2n? numbers: the
entries of Py and those of ;. The sequence converges to the pair (P,(Q), and we write
(Py, Q) — (P,Q), if each of these 2n? numbers converges to the number in the same
position in P, respectively in Q).

Definition 2. Let H be a class of pairs of matrices and H* a subclass of it. We say that
H* is dense in H if every pair in H is the limit of a sequence of pairs in H*.

Definition 3. A quantity on H is a rule ® that assigns a complex number to every pair in
H. Tt is continuous on H if, whenever (Py, Q) — (P, Q) with all the pairs in H, we have

Let
H={(P,Q): P>+Q*=2PQ}

be the class of pairs that satisfy the hypothesis, and let H* C H be the class of those in which
P and @ are invertible. Step 1 says that det P = det Q for every (P, Q) € H*.

The hypothesis is preserved when we shift both matrices by the same multiple of I,,: for
(P,Q) € H and ¢ € C, expanding the brackets,

(P —cl)* 4+ (Q — cI,,)?> = P> + Q* — 2¢(P + Q) + 2¢*I,, = 2(P — ¢I,,)(Q — cI,,),
so (P—cl,,Q —cl,) € H.

Lemma 1. The class H* is dense in ‘H, that is, every pair in H is the limit of a sequence
of pairs in H*.

Proof. Let (P,Q) € H. We construct a sequence of pairs in H* that converges to (P,Q), in
three steps.

(i) Choosing the numbers c. Let V' be the set of eigenvalues of P and of ). The eigenvalues
of P are the roots of the polynomial det(P — cI,,), which has degree n in ¢, so there are at most
n of them; the same holds for ). Hence V has at most 2n elements. Each element of V equals
% for at most one k, so only finitely many indices k& have % € V. Discarding them, we obtain a
sequence ¢ — 0 with ¢, ¢ V for every k.

(i) The pairs (P — cplp, Q — cily) lie in H*. Since ¢ is not an eigenvalue of P, we have
det(P — ¢il,) # 0, so P — ¢iI,, is invertible; the same holds for @ — ciI,. By the computation
above, with ¢ = ¢, the pair satisfies the relation that defines H. Hence it lies in H*.

(7ii) Convergence. Off the diagonal, the matrix P — cxI,, has the same entries as P: these
form constant sequences, which converge to the entries of P. On the diagonal it has p; — cg,
and pi; — ¢ — pii because ¢ — 0. The same holds for Q — ¢ I,,. All 2n? sequences of numbers
converge, so (P — cil,, Q — cxlp) — (P, Q) (Definition 1). O

Step 3: the extension. Let ®(P,Q) = det P — det Q.



(i) ® is continuous on H. Let (Py, Q) — (P, Q). By the definition of the determinant,

K (k k
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where the sum runs over the n! permutations o of the set {1,...,n}, and £(c) = +£1 is the
ol
(Definition 1). A product of n convergent sequences converges to the product of the limits,
and a finite sum of convergent sequences converges to the sum of the limits. Hence det P, —
det P; likewise det Qr — det @), and their difference converges to the difference of the limits:
(P, Q1) = O(P,Q).

(i) ® vanishes on H*. This is exactly Step 1: for (P, Q) € H*, det P = det Q.

(7ii) ® vanishes on all of H. Let (P, Q) € H and let (P, Q) be the sequence from Lemma 1.
By (ii), ®(Pg, Qx) = 0 for every k, so the sequence ®(Py, Q) is constantly equal to 0 and has
limit 0. By (i), this same limit is ®(P, Q). Since a sequence of numbers has only one limit,
®(P,Q) =0. (In the language of Section 2, this is Theorem 1 a) applied to the class H and the
dense class H*.)

(iv) Conclusion. Let x € C. The pair (A, B) lies in H, so, by the computation in Step 2
with ¢ = z, the pair (A — zI,, B — xI,,) also lies in H. By (iii), ®(A — zI,, B — zI,) = 0, that
is, det(A — zI,,) = det(B — z1,). O

sign of the permutation. FEach factor p ) is a sequence of numbers that converges to pjs;)

Remark. The marking scheme concludes algebraically: det(A — zI,,) — det(B — z1I,) is a
polynomial in x that vanishes at every point x that is not an eigenvalue, so it is the zero
polynomial. The marking scheme also contains a second, purely algebraic solution, based
on ranks. The key point of the solution above is that the approximation takes place inside
the hypothesis class: the approximating pairs also satisfy P? + Q% = 2PQ, so we know
something about them. It would not be enough for the invertible pairs to be dense in the
set of all pairs. In Section 4 we see a problem in which precisely this condition is missing.

1.2 Problem 2. Romanian Olympiad, county round (OJM), 2026, grade 11,
problem 3

| Statement. Let n > 2. Find all matrices M € M,(C) with the following property: if
A,B € My (C) and AB = M, then BA= M.

Answer. M = \,, with A\ € C*.

Source: [14, 15]. Let us say from the start that the official marking scheme uses no limit at all: after
Step 1 below, it works directly with the invertible matrices I, + Eq1;. We keep the problem as a training

example.

Personal note. I took part in OJM 2026, and the solution below is the first one I found during
the contest. I did not write up this one, judging that an argument with limits might not be
accepted as complete.

Solution. We denote by GL,,(C) the set of invertible matrices. The solution passes to the limit
along a sequence of matrices. The notions are those of Problem 1, now written for a single
matrix; we give them again, from scratch.

Definition 4. A sequence of matrices is a rule that assigns to every natural number k > 1

a matrix X € M, (C). We denote the entries of X}, by a:gc) For each fixed position (3, j)

(k)

we thus obtain an ordinary sequence of complex numbers, (xij ) .



Definition 5. The sequence of matrices (X}j) converges to the matrix X = (z;;), and we
(k)
tj
Equivalently, since there are finitely many positions, the largest deviation max; ; ‘xff) — avij‘
tends to 0.

write X}, — X, if for each position (7,j) we have z;.” — x;;, that is, }xz(f) — :L'ij| — 0.

Lemma 2. Let M € M, (C) be fized. The quantity X — MX — XM is continuous, that
is: if Xp = X, then M Xy — XpgM — MX — XM. In particular, if M X, — XM = O, for
every k, then MX — XM = O,,.

Proof. The entry in position (i, j) of the matrix M X} — XM is

- # N~ (k)

k k
Zmil Ty — inl mig,
=1 =1

a linear combination, with fixed coefficients, of finitely many entries of X;. By the rules for
limits of sequences of numbers, it tends to the corresponding entry of M X — X M. If all the
matrices M Xy — X, M are zero, each of these sequences of numbers is constantly equal to 0, so
its limit is O. O

Step 1: M commutes with every invertible matriz. For C € GL,(C), take A = MC,
B=C"': AB=M,so BA=C"'MC = M, that is, MC = CM.
Step 2: approximating an arbitrary matrix.

Lemma 3. The set GL,(C) is dense in M, (C), that is, for every X € My(C) there is a
sequence of invertible matrices Xy with X, — X.

Proof. The function p(t) = det(X +1t1,,) is a polynomial in ¢ of degree n with leading coefficient
1, so it has at most n roots. Each root equals % for at most one k; discarding these finitely many
indices, we obtain a sequence t;, — 0 with p(tx) # 0 for every k. The matrices Xy = X + ¢ 1,
have determinant p(tx) # 0, so they are invertible. Off the diagonal, the entries of X} are
those of X (constant sequences); on the diagonal they are z;; + tx — ;. Hence X — X
(Definition 5). O

Let X € M,,(C) be arbitrary and let X}, be the sequence of invertible matrices from Lemma 3,
with X — X. By Step 1, applied to the invertible matrix X, we have M X, — X; M = O,
for every k. By Lemma 2, M X, — XM — M X — X M; a sequence constantly equal to O, has
limit O,,, so MX — XM = O,,, that is, M X = X M. Since X was arbitrary, M commutes with
every matrix.

Step 3: M is scalar. Let E;; be the matrix with 1 in position (4, j) and 0 elsewhere. Column
j of M E;; is column 4 of M, the other columns being zero; column j of F;; M has the entry mj;
in position ¢ and 0 elsewhere. From M E;; = E;; M, with j # ¢, it follows that my; = 0 for k£ # ¢
and m;; = mj;. Hence M = \I,,.

Step 4: wverification. For A\ = 0 the property fails: A = Fi9, B = FEq1 give AB = O,, and
BA = Eq # O,, (this is where n > 2 is used). For A # 0, AB = \I,, implies det Adet B = \" #
0,s0 B=AA"!and BA = \I,. O

Remark. Here M X — X M does not change when X is replaced by X + t1,,, so the limit can
be avoided. The version with a limit, however, shows the general mechanism, which also
works when no such simplification is available.



1.3 Problem 3. OJM 2004, grade 12, problem 2

| Statement. Let f :[0,1] — R be a continuous function such that

[ s@owar= [ s@ae [ o i

for every continuous non-differentiable function ¢ : [0,1] — R. Prove that f is constant.

Source: [16]. Let us say from the start that the limit can be avoided completely (see the Remark after the
solution), and that the official solution uses a localized test function, with no limit at all.

Personal note. I came across this problem while working on the ROHS difficulty scale (a scale
from 0 to 50 that I am building for OJM and ONM problems, separately for each grade). I
estimate my solution below at 20 to 25 on the ROHS scale; the official solution is easier.

Solution. Here too the solution passes to the limit, this time along a sequence of functions. We
first define the notions (see also [2]).

Definition 6. A sequence of continuous functions is a rule that assigns to every natural
number k£ > 1 a continuous function g : [0,1] — R. For each fixed = € [0, 1] we obtain an

ordinary sequence of numbers, (gi(z)) .

Definition 7. For continuous g1, g2 : [0,1] — R, we call the distance between them the
largest deviation between their values,

d(91,92) = max |g1(z) — g2()|
z€[0,1]

(the maximum exists, since it is the maximum of a continuous function on a closed interval).
The sequence (gr) converges uniformly to g, and we write g — g, if d(gx,g) — 0.

It is not enough that gx(x) — g(z) for each x separately; we require the deviation to become
small simultaneously at all points. Section 2.2 shows why this requirement is necessary.
Let ¢ = fol fyo=f—cand L(g) = fol g, for continuous g. For continuous non-differentiable

9. L(g)= [} fg—cfyg=0.
Step 1: L behaves well under limits.

Lemma 4. The quantity L is continuous with respect to uniform convergence, that is: if
gr — g uniformly, then L(gr) — L(g).

Proof. For continuous g1, g2, we have |o(z)(g1(z) — g2(z))| < |¢(z)|d(g1, g2) for every z, so,
integrating,

1
IL(g1) — L{ga)] < /O ol - dg1,90).
With g1 = g and g2 = g, the right-hand side tends to 0. O

Step 2: approximating an arbitrary continuous function.

Lemma 5. The continuous non-differentiable functions form a dense class in the class of
continuous functions on [0, 1], that is, every continuous g : [0,1] — R is the uniform limit
of a sequence of continuous non-differentiable functions.



Proof. Let 7(x) = |z — 1|, which is continuous, not differentiable at , and satisfies max|r| = 1.
The function g + e7 is not differentiable at % for all real values of ¢ except at most one: if
g+ e17 and g + o7, with €1 # €9, were both differentiable at %, then (g7 — e9)7 would also
be differentiable at %, which is false. We choose ¢, — 0 avoiding this value; the functions
gk = g + €7 are continuous and non-differentiable, and d(gx, g) = % — 0. O

Step 3: conclusion. Let g be an arbitrary continuous function and let g, be the sequence
of continuous non-differentiable functions from Lemma 5, with g — ¢ uniformly. Each g is
non-differentiable, so L(gx) = 0: the sequence L(gx) is constantly equal to 0. By Lemma 4,
L(gr) — L(g), so L(g) = 0. For g = ¢ we get fol ¢% = 0. The function ¢? is continuous and
nonnegative; if (zo) # 0, then ¢? > 1p?(20) on an interval around zo, and the integral would
be positive. Hence ¢ =0 and f = c. O

Remark (L vanishes, in two lines). If g is continuous and differentiable at every point of [0, 1],
then g-+7 is not differentiable at 1, so L(g) = L(g+7)—L(r) = 0. Every continuous function
is either non-differentiable somewhere (and then the hypothesis directly gives L(g) = 0) or
differentiable everywhere (and then we have just seen that L(g) = 0). Hence L is identically
zero without any limit, and Lemmas 4 and 5 are not needed. I have nevertheless kept the
solution by approximation, because it shows the mechanism in its cleanest form.

1.4 From three problems to a generalization

These three problems suggest the following generalization. All three solutions consist of the
same three steps.

1. The property is proved on a particular class of objects: the pairs of invertible matrices in
‘H; the invertible matrices; the non-differentiable functions.

2. One shows that every object can be approximated arbitrarily well by objects of that class
(Lemmas 1, 3 and 5).

3. The quantity that expresses the property (det P—det @, M X —X M and L(g), respectively)
behaves well under limits (Step 3 of Problem 1, Lemmas 2 and 4), so the property passes
from the approximating objects to the approximated object.

Moreover, the definitions of convergence have the same form. A pair of matrices is described
by its 2n? entries, a matrix by the numbers xi;, a function by the numbers g(z), and in all
cases a sequence converges when the largest deviation between corresponding numbers tends to
0 (Definitions 1, 5 and 7). The only difference is that a pair of matrices or a matrix is described
by finitely many numbers, while a function is described by infinitely many.

So we generalize as follows: every object (matrix, function, triangle, line) is described by a
list of numbers, its parameters; the distance between two objects is the largest deviation between
corresponding parameters; a quantity associated with the objects is continuous if it changes little
when the parameters change little. In the next section we develop this framework and show that
the three steps above become a single theorem.

2. The theory




2.1 Objects described by parameters

Definition 8. Let I be a nonempty set (the index set). An object with parameters indexed
by I is a function X : I — C; the numbers X (i), i € I, are called the parameters of X. In
many applications the parameters are real.

In other words, an object is given by the list of its parameters, one for each index ¢ € I, and
we identify it with this list. The list may be finite or infinite (for functions it has one entry for
each number in [0, 1]).

Example. a) Matrices. A matrix A € M, (C) is the object with I = {1,...,n}2. The
function is

A:{1,...,n}? > C, A(Z, ) = agj,

so the matrix has n? parameters, its entries. With the distance of Section 2.2, two
matrices are close when all their corresponding entries are close. For example, for

1 2 1 21
A_<3 4>’ B_<3 3.95>7
the functions are A(1,1) =1, A(1,2) = 2, A(2,1) =3, A(2,2) =4 and B(1,1) =1,
B(1,2) = 2.1, B(2,1) = 3, B(2,2) = 3.95. The deviations are 0, 0.1, 0 and 0.05,
so the distance between A and B is 0.1. Similarly, a pair of matrices (P,Q) as in

Problem 1 is the object with I = {1,2} x {1,...,n}? and 2n? parameters; the function

b) Triangles. A triangle ABC in the plane is the object with I = {1,...,6}, the param-
eters being the coordinates of the vertices. The function is X : {1,...,6} — R,

X(1)=z4, X(2)=wya, X@B)=zp, X4) =y, X(6)=zc, X(6)=yc.

Not every function of this kind is a triangle: we require A, B, C' to be non-collinear,
so the class of triangles is a part of the set of all lists of six numbers. Two triangles
are at distance at most § when each vertex of one is obtained from the corresponding
vertex of the other by moving each coordinate by at most §. For example, the triangle
with vertices (0,0), (4,0), (0,3) is the function with values 0,0,4,0,0, 3, and the one
with vertices (0,0.01), (4,0), (0,2.98) is the function with values 0,0.01,4,0,0,2.98.
The deviations are 0, 0.01, 0, 0, 0, 0.02, so the two triangles are at distance 0.02.

c¢) Polynomials. A polynomial ag + a1 X + --- 4+ a, X" of degree at most n is the object
with I = {0,...,n}, the parameters being the coefficients. The function is

{0,...,n} = C, k— ay.

For example, for n = 2, the polynomial X2 4 1 is the function 0 — 1, 1+ 0, 2 > 1,
and X2 +0.01X + 1 is the function 0 — 1, 1 — 0.01, 2 — 1; they differ only at index
1, so they are at distance 0.01. If two polynomials of degree at most n are at distance
J, then for |z| < 1 their values differ by at most (n + 1)d, because each of the n + 1
terms differs by at most 9.

d) Functions. A function g : [0,1] — R is the object with I = [0,1]. Here the function
of Definition 8 is g itself: the parameter with index z is the value g(z), one for each
number z in [0, 1], so there are infinitely many parameters. The distance between g




and h is the largest value of |g(z) — h(z)|; it is at most § exactly when the graph of
h lies in the band of width 2§ around the graph of g. For example, g(z) = z and
h(z) = £+ 0.01sin(10z) are at distance at most 0.01. This is the object of Problem 3.

e) Lines. Every line has an equation az + by + ¢ = 0, with (a,b) # (0,0). Dividing it by

r = v/a? + b? and choosing the angle 6 with cosf = ¢, sinf = g, it becomes
xcosf + ysinfh = p, p:—;,

where (cosf,sinf) is a unit vector perpendicular to the line, and |p| is the distance
from the origin to the line. This form also covers vertical lines: x = 1 is obtained
for # = 0, p = 1. So a line is the object with two parameters (0, p); the function is
X :{1,2} - R, X(1) =6, X(2) = p. The same line has several pairs: (6,p), (6427, p)
and (6 + 7, —p) give the same set of points. We work with the pair, that is, with the
equation, and not with the set of points.

f) Configurations. In Exercise 4 a geometric configuration (a trapezoid and two points
on its sides) will be the object with six parameters a, b, c,n, s,t; the function is X :
{1,...,6} - R, with X(1) =a, X(2) =b, X(3) =¢, X(4) =n, X(5) = s, X(6) =t.
In all cases, “close objects” means “all parameters are close”.

2.2 Distance and limit

Definition 9. The distance between two objects X, Y with parameters indexed by the same

set I is
A(X,Y) = sup|X(3) - Y ()| € [0, +o0],
el
that is, the largest deviation between corresponding parameters. A sequence of objects
(Xk)k>1 converges to the object X, and we write Xj, — X, if d(X}, X) — 0 (in particular,
d(X}y, X) is finite from some index on).

When [ is finite, the supremum is a maximum, hence a number. When [ is infinite, the
supremum may be +oo (for example, for an unbounded function and the zero function); we
allow this value. For continuous functions on [0, 1] the supremum is a maximum, so we recover
Definition 7.

I Proposition 1. If I is finite, then X — X if and only if Xy(i) — X (i) for each i € I.

Proof. For each i, | X (i) — X ()| < d(Xg, X), so convergence of the objects implies convergence
of each parameter. Conversely, if each of the finitely many parameters converges, then the
maximum of the |I| deviations tends to 0. O

So for matrices, triangles or polynomials, the limit of a sequence of objects is computed
parameter by parameter. For functions, where I = [0, 1] is infinite, the definition asks for more:
the deviation must tend to 0 simultaneously at all points. This is uniform convergence; the
remark below shows why it is the right choice.

Remark (why not parameter by parameter). With infinitely many parameters, convergence
of each parameter (pointwise convergence: gi(x) — g(x) for each x) is too weak. For k > 2,



let

/6‘2113, nggi,
gk(x) = Qk_k2$7 % <z < %)
0, <<l

For each fixed =, gx(z) — 0: gx(0) = 0, and for z > 0 we have gx(z) = 0 as soon as 2 < z.
Yet fol gr = 1 for every k, while the integral of the limit is 0. So the integral, the quantity we
care about, would not be continuous with respect to pointwise convergence. With respect
to uniform convergence, it is continuous (Lemma 4).

2.3 Continuous quantities

Definition 10. Let O be a class of objects with parameters indexed by I, and let & : O — C
be a function (a quantity associated with the objects). We say that ® is continuous at
the object X € QO if, for every sequence (Xj) of objects in O with X; — X, we have
O (X)) — ©(X). The quantity @ is continuous on O if it is continuous at every object of O.

This is exactly the high school definition recalled in the introduction: if the parameters of
X}, approach the parameters of X, then ®(X}) approaches ®(X). For a function of one variable
(I with a single element) we recover the usual definition. (As for functions of one variable, one
can show that this definition is equivalent to the formulation with £ and §; we will not need this
equivalence.)

Proposition 2.  a) Fach parameter X — X (i) is a continuous quantity.

b) Sums, products and quotients (with denominator nonzero on O) of continuous quan-
tities are continuous, and if ® is continuous, then so is |®|. If ® is continuous and
real-valued, all its values lie in an interval J, and w : J — R is continuous, then wo ®
18 continuous.

c) Consequently, every polynomial expression in finitely many parameters is a continuous
quantity.

Proof. a) |Xx(i) — X(i)| < d(Xk,X) — 0. b) Let X, - X in O. Then ®(Xj) — ®(X) and
U(X%) — ¥(X) for the continuous quantities ®, ¥, and the rules for limits of sequences give
the conclusion for sums, products and quotients. For the absolute value, ||®(X})| — |®(X)|| <
|®(X)) — ®(X)|. For composition, the numbers ®(X}) lie in J and tend to ®(X) € J, and w is
continuous at ®(X), so w(P(Xy)) = w(P(X)) (the sequential characterization of continuity for
functions of one variable). ¢) Follows from a) and b). O

The version of b) with an arbitrary interval J matters: it covers /- (defined on [0, +00)), as
well as arccos and arcsin (defined on [—1, 1]).

Proposition 3 (stability of strict inequalities). Let ® : O — R be continuous at X € O,
with ®(X) > 0. Then there is § > 0 such that ®(Y) > 0 for every Y € O with d(Y,X) < J.

Proof. Suppose the contrary: for each k > 1 there is Y}, € O with d(Y}, X) < 1 and ®(Y})
Then Yy, — X, so ®(Y;) — ®(X); non-strict inequalities are preserved under limits, so ®(X)
a contradiction.

IAIA
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Applied to —® and to |®|, the proposition says the same thing for ®(X) < 0 and for
®(X) # 0, respectively. Intuitively: a strict inequality between continuous quantities remains
true under small perturbations of the parameters.

2.4 Dense classes and the extension principle

Definition 11. A subclass D C O is dense in O if every object in O is the limit of a
sequence of objects in D.

Theorem 1 (extension principle). Let ®, ¥ : O — C be continuous quantities and let D be
dense in O.

a) If =V on D, then ® =¥ on O.

b) If ®, ¥ are real-valued and ® < ¥ on D, then ® < ¥ on O.

Proof. Let X € O and X}, € D with X} — X. By Definition 10, ®(X}) — ®(X) and ¥(X;) —
U(X). a) &(Xi) = ¥(Xg) for every k; passing to the limit, ®(X) = ¥(X). b) Similarly, the
non-strict inequality is preserved under limits. ]

For functions of one real variable, part a) is the “density principle” of [1].

The hypothesis class. In Theorem 1, O is the class on which we know that ® and V¥ are
defined and continuous, and D must be dense in O itself. If the problem gives a hypothesis that
defines a smaller class (for example, the pairs (A4, B) with A% + B? = 2AB), then what matters
is density in that class, not in the space of all objects: the approximating objects must satisfy
the hypothesis as well. In Problem 1 the shift by xl,, preserves the hypothesis; in Problem 2
the hypothesis concerns the fixed matrix M, and the matrices X being approximated need not
satisfy anything. In Section 4.1 we see an olympiad problem in which this condition is missing
and the conclusion no longer extends.

The strategy. For a problem that asks for a property of all objects:
1. write the property as an equality (or a non-strict inequality) between continuous quantities;
2. find a dense class on which the property is easy to prove;
3. apply Theorem 1.

A strict inequality is not preserved under limits: if & < ¥ on D, one only gets ® < ¥ on O.

Checklist. Before we can say “by continuity”, the following must be made explicit:

(a) the objects and their parameters (what varies and what stays fixed);

(b) that the quantities used are defined and continuous on the entire class O (denominators
do not vanish, square roots and arccos receive arguments in their domain);

(c) a continuous quantity that expresses the conclusion, and a class that is dense in the
very class on which the hypothesis holds;

(d) that from an equality (or inequality) between quantities one can get back to the required
property.
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2.5 The problems revisited

Problem 1. The object is the pair (P, Q), with 2n? parameters, the entries of the two matrices;
by Proposition 1, the convergence in Definition 1 is exactly the limit in Definition 9. The quantity
®(P, Q) = det P —det @ is polynomial in the parameters, hence continuous (Proposition 2), and
Lemma 1 says that H* is dense in H. Theorem 1 a), applied to the class #, is Step 3.

Problem 2. By Proposition 1, the limit of a sequence of matrices in the sense of Definition 5
(entry by entry) is exactly the limit of Definition 9. Lemma 3 says that GL,(C) is dense in
M,,(C). The entries of X — MX — XM are continuous quantities (Proposition 2) that vanish
on GL,(C); Theorem 1 gives Step 2 of the solution.

The same mechanism yields classical results. For example, for any A, B € M, (C), the
matrices AB and B A have the same characteristic polynomial: if A is invertible, det(tI,— BA) =
det (A1 (tI, — AB)A) = det(tl, — AB); with B and ¢ fixed, both sides are polynomial in the
entries of A, hence continuous, and they agree on the dense class GL,,(C).

Problem 3. For continuous functions, the limit of Definition 9 is the uniform convergence of
Definition 7. Lemma 4 says exactly that L is a continuous quantity on the class of continuous
functions on [0,1], Lemma 5 says that the non-differentiable functions form a dense class, and
Theorem 1 once again gives the conclusion.

2.6 Triangles

Let O be the class of nondegenerate triangles, each given by the six coordinates of its vertices.
By Proposition 1, a sequence of triangles Ay BrC) converges to ABC' if and only if A — A,
By — B, C; — C (coordinate by coordinate). We use this class in the exercise on scalene
triangles at the end of the text.

2.7 Continuous families and the Darboux property

In many problems the objects do not come as a sequence, but as a family depending on a real
number: the tangents to a circle, the lines rotating around a point, the points moving along
segments.

Definition 12. Let J C R be an interval and O a class of objects with parameters indexed
by a finite set I. A continuous family of objects is a function ¢t — Xz, J — O, for which
each parameter t — X;(i) is a continuous function of t.

By Proposition 1, if t;, — ¢ in J, then X;, — X;.

Proposition 4. Let (X¢)ies be a continuous family and ® : O — R a continuous quantity.
Then the function t — ®(Xy) is continuous on J. In particular, if a,f € J and ®(X,) <
0 < ®(Xpg), there is t between o and § with ®(X;) = 0.

Proof. If t, — t, then X;, — Xy, so ®(Xy, ) — ®(X;) (Definition 10). Therefore the function
t — ®(X}) is continuous on the interval J and has the Darboux property [1]. O

11



3. Applications

3.1 Problem 4. IMC 2004, day 2, problem 4

| Statement. For n > 1, let M be an n x n complex matrix whose distinct eigenvalues are
A1, A9, ..., Ag, with multiplicities m1,mo, ..., myg. Consider the linear operator Lj; defined by
Ly(X) = MX + XMT for every n x n complex matrix X. Find the eigenvalues of Ly, and
their multiplicities.

Source: [23]. The official solution first treats the case in which the eigenvalues of M are distinct and all
the sums X\, + \s are different, then observes that every M is a limit of matrices of this type and concludes
“by the continuity of the eigenvalues” The claim is correct, but the eigenvalues have no natural order,
so, taken one at a time, they are not quantities in the sense of Section 2. We show how to make the

argume nt 7‘[{]07‘() us.

Answer. The eigenvalues are 2\, with multiplicity m2 (1 < r < k), and A\, + \s, with
multiplicity 2m,ms (1 < r < s < k); if some of these numbers coincide, their multiplicities add

up.

Solution. Denote by p1, ..., iy, the eigenvalues of M, listed with multiplicities (each A, appears
m, times). Let pp(t) = det(tId — Ljs) be the characteristic polynomial of Ly, that is, the
determinant of the n? x n? matrix of X + tX — Lj/(X) in the basis (E;;), and let

qu(t) = H H(t — Wi — ).
i=1j=1

Grouping the factors of gys according to the values A, A\s taken by u;, 1, we obtain

k

QM(t) = H(t — 2)\7,)mE H (t -\ — )\S)erms'

r=1 1<r<s<k

The answer is therefore equivalent to the identity pas(t) = qar(t), for every M € M, (C) and
every t € C. We fix t; the objects are the matrices M, with n? parameters.

Step 1: M +— py(t) is continuous. The matrix of Ljs in the basis (E;;) has entries that are
linear in the entries of M, so pys(¢) is a polynomial expression in the entries of M (Proposition 2).

Step 2: M — qpr(t) is continuous. This is the delicate part, the “continuity of the eigenval-
ues”. We do not follow the eigenvalues one at a time, but only a symmetric expression in them.
Permuting the numbers p1, ..., uy, only permutes the factors of gas(t), so qas(t) is a symmetric
polynomial in p1, ..., u, (with coefficients that depend polynomially on t). By the fundamen-
tal theorem of symmetric polynomials [4], it can be written as a polynomial in eq,. .., e,, the
elementary symmetric polynomials of p1, ..., i,. By Vieta’s formulas, (—1)*ey, is the coefficient
of t"=* in det(tI,, — M), hence a polynomial expression in the entries of M. Therefore qas(t) is
a polynomial expression in the entries of M, hence a continuous quantity.

Step 3: equality on a dense class. Let D be the class of matrices with n distinct eigenvalues.

Such a matrix has a basis of eigenvectors vy, ..., vy, with Mv; = p;v; [3]. Then

LM(viv;fF) = (Mvi)v;fp + v (Mv)T = (i + 1) vivjr.
The n? matrices viv]T are linearly independent: if Zcijvw]T = O, then VCVT = O,,, where
V' is the matrix with columns v1,...,v, (which is invertible) and C' = (¢;5), so C = O,. They

therefore form a basis of M,,(C) consisting of eigenvectors of Lys; in this basis the matrix of Ly,
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is diagonal, with diagonal entries p; + 15, and the characteristic polynomial does not depend on
the basis. Hence pas(t) = qar(t) on D. (We do not need the sums p; + p1; to be distinct.)

Step 4: D is dense. Every complex matrix is similar to an upper triangular matrix [3]:
M = PTP~! and the diagonal of T contains the eigenvalues t11,...,tn,. For real €, the
matrix T, = T + ediag(1,2,...,n) has on its diagonal the numbers ¢;; + i, which are pairwise
distinct except for at most @ values of ¢ (each equality t;; + ic = tj; + je, with i # j,
determines €). We choose €; — 0 avoiding these values. The matrices M = PT. P~! =
M + e Pdiag(1,...,n)P~! have n distinct eigenvalues, and M}, — M.

Step 5: the extension. With t fixed, M +— pps(t) and M — qps(t) are continuous on M,,(C)
and agree on the dense class D; by Theorem 1 a), they agree on M,,(C). O

Remark (a route without limits). Triangularization also gives a direct solution. With X =
PY PT we have Ly (X) = P(TY +YTT) PT, so Ly, has the same characteristic polynomial
as Lp. A direct computation gives

Lp(Eij) = (ti + tj;)Eij + ZtliElj + Ztleil,

1< I<j

so the matrix of Ly in the basis (£;;), ordered lexicographically by (i, 7), is triangular, with
diagonal entries t;; 4 t;;. Since we used triangularization in Step 4 anyway, continuity does
not shorten the solution here. Its role is to show that the sentence in the official solution
can be made rigorous with the tools of Section 2.

3.2 Problem 5. The adjugate of a 3 x 3 matrix

| Statement. Let X,Y,Z € Mj3(C). We denote by A* the adjugate of the matrix A.
(a) Prove the identity

(X+Y+2)"+ X" +Y*"+ 2 = X+Y)'+ Y+ 2)" + (Z+ X)".

(b) Prove the equivalence

(X4+Y+2)"=3X"+Y"+7") — (X-Y)'+ Y -2)"+(Z—-X)" =0s.

Source: Gazeta Matematica [19].

Solution. Idea. For an invertible matrix, the adjugate is (det A)A~!, and the Cayley-Hamilton
theorem writes it as a polynomial of degree two in A. The formula obtained in this way extends
by continuity to all matrices, and with it both parts become computations with an expression
“of degree two”.

Step 1: the formula for invertible matrices. For A € M3(C) let s1(A) = trA, s2(A) =
5((tr A)? — tr(A?)) and s3(A) = det A. The Cayley-Hamilton theorem gives A% — s1(A)A? +
SQ(A)A — 53(14)]3 = 03, that iS,

A(A? = 51(A)A + s9(A)I3) = (det A) I5.
If A is invertible, we multiply on the left by A~! and, since A* = (det A)A~!, we obtain
A* = A% — 51(A)A + s9(A)Is. (F)

Step 2: the formula for every matriz. The objects are the matrices A € M3(C), with 9
parameters. Each entry of the matrix ®(A) = A* — A2 + s1(A)A — s9(A)I3 is a polynomial

13



expression in the entries of A (the entries of A* are minors of order 2), so it is a continuous
quantity (Proposition 2). By Step 1, ® vanishes on the invertible matrices, which form a dense
class (Lemma 3, for n = 3). By Theorem 1 a), applied to each entry, ® = O3 on all of M3(C):
formula (F) holds for every matrix.

Step 3: an expression of degree two. We write Q(A) = A% — s1(A)A + s3(A)I3 and, for
U,V € M3(C),

B(U,V)=UV+VU - (tU)V — (t V)U + (tr U tr V — tr(UV)) L.

Expanding, QU +V) = Q(U) + Q(V) + B(U,V); moreover, B is symmetric and linear in each
argument, and Q(—U) = Q(U). By Step 2, A* = Q(A) for every A.
Step 4: conclusion. a) Applying the relation of Step 3 twice,

X+Y+2) =QX)+QY)+Q(Z)+B(X,Y)+B(Y,Z)+ B(Z,X),

while (X+Y)*+(Y +2)*+(Z4+X)* = Q(Q(X)+Q(Y)+Q(Z)) +B(X,Y)+B(Y,Z)+B(Z,X).
So the difference between the two sides of the identity is 0.

b) Since Q(X —Y) =Q(X)+ QYY) — B(X,Y),
(X =Y) + (Y -2)"+(Z-X)" =2(Q(X)+Q(Y)+Q(2) - B(X,Y) - B(Y. Z) - B(Z,X),

while (X+Y +2)*-3(X*+Y*+2*) = B(X,Y)+B(Y,Z2)+B(Z,X) —2(Q(X)+Q(Y)~|—Q(Z)).
The two expressions are opposite, so one of them is O3 exactly when the other one is. ]

Remark. The limit can be avoided: the entries of A* are minors of order 2, hence homo-
geneous polynomials of degree two in the entries of A, and a) and b) are identities that
hold for any such map. The solution above shows, however, how formula (F) is obtained for
every matrix from the invertible case, exactly as in Problems 1 and 2.

3.3 Problem 6. ONM 2009, grade 12, problem 4

| Statement. Find all continuous bijective functions f : [0, 1] — [0, 1] such that

[ otr@)ae= [ gtoyas

for every continuous function g : [0,1] — R.

Source: [20].

Solution. Idea. If g could be the indicator of an interval [a, b], the hypothesis would say that f
maps a set of length b — a into [a,b]. The indicator is not continuous, so we squeeze it between
two continuous “trapezoid” functions and pass to the limit.

Step 1: the preimage of an interval. A continuous bijective function on [0, 1] is strictly
monotonic, and its inverse is also continuous and strictly monotonic. For 0 < a < b < 1, the set
f~([a, b)) is therefore an interval [c, d], and fol Loy (f(z)) de =d—c.

Step 2: the squeeze. For € > 0, let g. be the continuous function equal to 1 on [a,b], to 0
outside [a — €,b + €], and linear in between (restricted to [0, 1]). Since ge > 1(44),

1 1
dc§/0 gg(f(x))dx:/o ge(x)dr <b—a+e.

For 0 < e < b_T“, let he be the continuous function equal to 1 on [a+¢,b — €], to 0 outside [a, b],
and linear in between. Since he < 1y,

1 1
d—cZ/O hg(f(ac))dx:/o he(z)dx > b—a — 2e.
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Letting ¢ — 0, we get d — ¢ = b — a: the preimage of every interval has the same length as the
interval.

Step 3: conclusion. If f is increasing, f~1([0,y]) = [0, f~'(y)] has length y, so f~1(y) =y
and f(z) = x. If f is decreasing, f~1([0,9]) = [f~'(y),1] has length 3, so f~(y) = 1 —y and
f(z) = 1—x. Both functions satisfy the hypothesis (for the second one, by the change of variable
r—1—1). O

Remark. The limit in Step 2 is an ordinary one, in a single number &: the trapezoids do not
approach the indicator in the “largest deviation” distance (the distance stays equal to 1).
The next problem starts from here and genuinely needs the continuity of Section 2.

3.4 Problem 7. A variant with powers

| Statement. Let f: [0,1] — [0,1] be a continuous bijective function such that

/f k—|—1 for every k € N.

Prove that f(x) = z for every z, or f(x) =1 — z for every .
A new problem, built from Problem 6.

Solution. Idea. The hypothesis says that the equality of Problem 6 holds for g(z) = 2*, hence
for every polynomial. Polynomials are dense among continuous functions, and the quantity
expressing the equality is continuous; we extend it to all continuous functions and apply Prob-
lem 6.

Step 1: the objects and the quantity. The objects are the continuous functions g : [0,1] — R,
with the “largest deviation” distance d(g,h) = max( 1)|g — h[, as in Problem 3 (example d) in
Section 2). Let

o (g) = /0 (@) de - /0 g(a) de.

Since f takes values in [0, 1], we have |g(f(z)) — h(f(x))| < d(g,h) for every z, so

1
B(g) — B(h)] < /0 9(/ () — h(f ()| dz + / l9(2) — h()|dz < 2d(g, ),

and ® is a continuous quantity.

Step 2: the dense class. For g(x) = x*, the hypothesis says exactly that ®(g fo kdr—
k%rl = 0. Since ® is linear, ®(P) = 0 for every polynomial P. By the Welerstrass approx1mat10n
theorem (which we use without proof), every continuous function on [0, 1] is the limit of a
sequence of polynomials in the distance d: the polynomials form a dense class.

Step 3: the extension. By Theorem 1 a), ®(g) = 0 for every continuous function g. So f
satisfies the hypothesis of Problem 6, hence f(z) = x or f(x) = 1 — z; both also satisfy the

hypothesis here, because fol o* dx = fol(l —2)kfde = k%—l O

4. When it fails

Each of the examples below violates one of the checks in the checklist of Section 2.4.
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4.1 The dense class must lie in the hypothesis class: OJM 2025, grade 11,
problem 2

| Statement. Let n € N, n > 3. We say that a matrix A € M,(C) has property (P) if
det(A + X;;) = det(A + Xj;) for all 4,5 € {1,2,...,n}, where X;; € M, (C) is the matrix with
1 in position (7, j) and 0 elsewhere.

(a) Prove that if A € M,,(C) has property (P) and det(A) # 0, then A = AT,
(b) Give an example of a matrix A € M,,(C) that has property (P) but A # AT.

Source: [17]. The solution below is the one in the marking scheme.

Solution. a) Expanding along row i, det(A + X;;) = det A 4 §;;, where §;; is the cofactor of
the entry in position (4, 7). Property (P) therefore means d;; = d;;, that is, the adjugate A* is
symmetric. For d = det A # 0 we have AA* = dI,, = (dI,)" = (A*A)T = AT(A*)T = AT A%,
and det A* = d" ! #£0,s0 A= AT. b) The matrix A = X1 + X12: for n > 3, each A+ X;j has
at least one zero row, so all the determinants are 0.

The lesson. Invertible matrices are dense in M,,(C) (Lemma 3), the quantity A — A — AT
is continuous and, by a), it vanishes on the invertible matrices with property (P). Yet the
conclusion does not extend: the matrix in b) has (P) and is not symmetric. The explanation is
check (c¢). The class on which the hypothesis holds is O = {A : A has (P)}, and its invertible
members are not dense in O: they are symmetric, and a limit of symmetric matrices is symmetric,
so X11 + Xq2 € O is not a limit of them. The perturbation A — A + tI,, which worked in
Problems 1 and 2, does not stay inside O here: for A = X711 + X2 and ¢ ¢ {0, —1}, the matrix
A+ tI, is invertible (upper triangular, with determinant (1 +¢)t"~!) and not symmetric, so, by
a), it does not have (P).

4.2 Quantities that are not continuous: rank and similarity

Let A = E12 and B = Eq1, the pair from Step 4 of Problem 2: AB = O,, and BA = Eq5. For
invertible A, rank(AB) = rank B = rank(BA), and invertible matrices are dense; yet here the
ranks are 0 and 1. Rank is not a continuous quantity, because it does not have the Darboux
property: on the continuous family ¢ — tI,,, t € [0,1], it takes the value 0 for ¢ = 0 and the
value n for t # 0, but no value in between (for example %), which, by Proposition 4, cannot
happen for a continuous quantity. Check (b) fails. Similarly, for invertible A, BA = A~'(AB)A
is similar to AB, but for the pair above AB = O,, and BA # O,, are not similar (the only matrix
similar to O,, is Oy,), even though they have the same characteristic polynomial, " (Section 2).
Similarity cannot be written as an equality between continuous quantities.

4.3 The choice of distance matters: the length of a graph

For k > 1, let g : [0,1] — R be the function that, on each interval [%, %], increases with slope
2 on the first half and is constant on the second half, with g;(0) = 0; thus gi(%) = 4. Then
lgr(z) — x| < i, so g converges uniformly to g(xz) = x. However, on each interval the graph

of gi consists of a segment of length \2/75 and one of length i, so its total length is 1‘*'2—‘/5 for
every k, while the graph of the limit has length /2. The length of the graph is not a continuous
quantity with respect to the uniform distance (check (b)). The “largest deviation” distance

controls values, not slopes.
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4.4 The warnings, collected

o A strict inequality becomes non-strict. On O = [0, 4+00), with D = (0, +00) dense, ®(z) =z
and U(z) = 0 satisfy ® > ¥ on D, but ®(0) = ¥(0).

e Pointwise convergence does not preserve the integral: the spike example in Section 2.2.

e Concurrency can be lost in the limit. The lines y = 0, %x —y—1=0and %x +y—1=0
all pass through (k,0). Their coefficient triples tend to (0,1,0), (0,—1,—1) and (0,1, —1),
that is, to the parallel lines y = 0, y = —1 and y = 1, which have no common point. This is
why, when we express concurrency as the vanishing of the determinant of the coefficients,
the first two lines must not be parallel (check (d), Exercise 4).

5. Exercises

1. (IMC 2004, day 1, problem 3 a) [18].) Let n > 2 and let S,, be the set of sums 1 + - -+ zp,
with 0 < z1,...,2, < § and sinzy +--- +sinz, = 1. Prove that S, is an interval.

Hint: with y, = sinxy, S, is the set of values of > arcsiny, onY ={y € [0,1]" : y1+ -+ +yn, = 1}.
Fory,y' €Y, the points (1 —t)y +ty', t € [0,1], lie in Y and form a continuous family; the quantity
> arcsinyy is continuous (Proposition 2 b), with arcsin continuous on [0,1]), so Proposition 4 gives
all intermediate values. The official solution uses the notion of connectedness.

2. Prove the following identities, first for invertible matrices and then by means of Theorem 1:
a) det(I, + AB) = det(I,, + BA); b) (AB)* = B*A*; c¢) (A*)* = (det A)"2A, for n > 3; d)
the Cayley-Hamilton theorem, pyr(M) = O, where pys is the characteristic polynomial of
M.

Hint: in b) the objects are the pairs (A, B), with 2n? parameters, and they are approzvimated by the pairs
(A +tpI,, B+ til,) in which both matrices are invertible. In c), for invertible A, A* = (det A)A~!.
In d), the dense class is the one from Step 4 of Problem 4: a matriz with n distinct eigenvalues can
be written as PAP~' with A diagonal, and ppf(PAP~Y) = Ppy(A) P~ = O,,.

3. (My own problem, part (a) of problem OJM.17 in [1].) Let n > 4 and let A;As... A, be a
regular polygon inscribed in the circle C with center O and radius R (the planet). On each
side A;A; 1 (with A,41 = Ay) we construct, outside C, the semicircle with diameter A;A;11.
We call a tangent any line tangent to one of these semicircles, including at its endpoints (at
an endpoint, the tangent is the perpendicular to the side). Prove that through every point
X with OX > R there passes a tangent.
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The case n = 10: the tangent at the point P of a petal passes through the point X.

4. (RMM Shortlist 2017, G1 [24].) Let ABCD be a trapezoid with AD || BC, and let E and F
be points in the interior of the sides [AB] and [DC], respectively. The circumcircle of triangle
AFEF meets the line AD again at Aj, and the circumcircle of triangle CEF meets the line
BC again at C; (if the circle is tangent to the line, then A; = A, respectively C1 = C).
Prove that the lines BD, EF and A;C; are concurrent.

Assume the problem has been solved in the case EF }f AD (a solution can be found in
[25, pages 39 to 40]). How do you finish the problem, that is, how do you handle the case
EF || AD?

(AEF)

Case 1 (EF }f AD): the lines BD, EF and A;C} pass through the point O.

5. (Putnam 2003, A2 [22].) Let ay,...,a, and by,...,b, be nonnegative real numbers. Prove
that

(a1az -~ an)"™ + (biba - - b)Y < [(a1 + b1)(az + b2) - - (an + by)] n.

Hint: the objects are the pairs of n-tuples with nonnegative entries, with 2n parameters, and both
sides are continuous quantities (the n-th root is continuous on [0,00), Proposition 2 b). The pairs
with all a; > 0 form a dense class (replace a; by a; + % ). On this class, if some b; is 0 the inequality is
immediate; otherwise, dividing by (a; ~-~an)l/ " and setting y; = In Z— it becomes Jensen’s inequality
for the convex function y +— In(1 + e¥). Theorem 1 b) finishes the ])7'60]".
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6. (Tournament of Towns, 1990/91, autumn round, basic version, grades 10 to 11, problem j
[21].) There are 20 points in the plane, no three of them collinear: 10 blue and 10 red. Prove
that there is a line with 5 blue points and 5 red points on each side.

7. Prove that the scalene triangles (those whose side lengths are pairwise different) form a dense
class in the class of nondegenerate triangles.

Hint: let ABC' be nondegenerate, w a unit vector along the line AB, and Cy = C + tw. The point
Cy stays at the same nonzero distance from the line AB, so ABCy is nondegenerate. The condition
CyA = CyB means that Cy lies on the perpendicular bisector of AB, which meets the line {C + tw}
(perpendicular to it) at a single point; the condition C;tA = AB means that Cy lies on a circle, which
meets a line in at most two points; the same goes for CyB = AB. At most five values of t are excluded.

Conclusion

We started from the high school notion of continuity, defined for functions of one real variable,
and extended it to objects that are not numbers: matrices, functions, lines, geometric config-
urations. The goal was to see when we can formalize the idea of passing to the limit for such
objects as well. The answer is the one in Section 2.4: we can pass to the limit when the property
can be written as an equality or a non-strict inequality between continuous quantities and is
proved on a dense class of objects; Theorem 1 then extends it to all objects.

The checklist (a) to (d) says what actually has to be written down: the parameters of the
objects; the continuity of the quantities on the whole class (nonzero denominators, arguments in
the domain of the square root or of arccos); a class that is dense in the very class on which the
hypothesis holds; the way back from the equality between quantities to the required property.
The examples in Section 4 show that each of these checks can fail.

Many of the problems in the text also have a solution without limits, which we have pointed
out each time.
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